
1056 

Short  C o m m u n i c a t i o n s  
Contributions intended for publication under this heading should be expressly so marked; they should not  exceed about 

1000 words; they should be forwarded in the usual way to the appropriate Co-editor; they will be published as speedily 
as possible. Publication will be quicker i f  the contributions are without illustrations. 

Acta Cryst. (1963). 16, 1056 

P h a s e  d e t e r m i n a t i o n  and  zero  p o i n t s  in the  P a t t e r s o n  funct ion .  ( R e m a r k s  on  the  p a p e r  
"Direc t  d e t e r m i n a t i o n  of p h a s e s  by  the  u s e  of l inear  e q u a t i o n s  b e t w e e n  s t r u c t u r e  fac tors"  
b y  P .  M a i n  and  M .  M .  W o o l f s o n . )  B y  W. HOPPE, Abteilung fi£r R6ntgenstrukturforschung am Max-Planck- 
Institut fiir Eiweiss- und Lederforschung, Mi~nchen und Abteilung fiir Stru]cturforschung am Physi]calisch.Chemi- 
schen Institut der Technischen Hochschule, Mi~nchen, Germany 

(Received 31 

I t  has  been  d e m o n s t r a t e d  i n d e p e n d e n t l y  b y  Main  & 
Wool fson  (1962, 1963) a n d  b y  us (Hoppe ,  1962; Anzen-  
hofer  & H o p p e ,  1962; H o p p e ,  Anzenhofe r  & H u b e r ,  
1962; Anzenhofe r ,  1963) t h a t  p h a s e - d e t e r m i n i n g  proce-  
dures  can  be  es tab l i shed  w h i c h  m a k e  use of regions in 
t he  P a t t e r s o n  func t ion  w i th  ins igni f icant  dens i ty  ( 'zero 
poin ts ' ) .  I t  is i n t e res t ing  to  no te  t h a t  b o t h  groups  of 
m e t h o d s  use t he  same  k ind  of i n fo rma t ion .  The  phys ica l  
evidence ,  however ,  e x t r a c t e d  f rom this  i n f o r m a t i o n  a n d  
used  as a basis for phase  d e t e r m i n a t i o n  is en t i r e ly  
d i f ferent .  I t  is surpr is ing  t h a t  two  d i f fe ren t  d i rec t  
t e chn iques  m a y  be  de r ived  f rom the  same  in fo rma t ion .  

This  no t e  gives a shor t  compar i son  of t he  pr inciples  
of b o t h  m e t h o d s .  T h e  abb rev i a t i ons  'Me thod  A '  (M. & W.) 
a n d  'Me thod  B'  (A. & H.)  will  be used.  
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Fig. 1. The different physical evidence extracted from the 
zero points of the Pat terson function in methods A and B. 
In  (a) (method A) a zero point means there is no electron 
density in the positions marked by the two white circles. 
In  (b) (method B) the same zero point means there is no 
electron density in the positions marked by black dots. 

Fo l lowing  A,  a zero p o i n t  in t he  P a t t e r s o n  func t ion  
(posi t ion r)  of a c e n t r o s y m m e t r i c a l  s t r u c t u r e  m e a n s  
t he re  can  be  no  s ignif icant  e l ec t ron  dens i ty  a t  a d i s t ance  
+_lr  f rom the  origin.  Fo l lowing  B,  a zero po in t  in t he  

P a t t e r s o n  func t ion  a t  t he  same  pos i t ion  r m e a n s  t he re  
can  be no s igni f icant  e lec t ron  dens i ty  a t  a d i s t ance  _+r 
f rom eve ry  a t o m  in t he  s t ruc tu re .  I n  B the re  is no  
res t r i c t ion  to  c e n t r o s y m m e t r i c a l  s t ruc tu res .  (Compare  
Fig.  1). 

A es tabl ishes  a u n i q u e  co r re l a t ion  b e t w e e n  a zero 
p o i n t  in t he  P a t t e r s o n  func t ion  a n d  a single zero po in t  
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in  t he  e l ec t ron -dens i ty  fm~ction. B establ ishes  a correla-  
t i on  b e t w e e n  a zero po in t  in t he  P a t t e r s o n  func t ion  a n d  
N po in t s  (N -- n t tmber  of a t o m s  in t he  u n i t  cell) of 
e lec t ron  d e n s i t y  zero in t he  s t ruc tu re .  B corre la tes  
N - t i m e s  as m a n y  e lec t ron  dens i ty  zero po in t s  w i t h  t h e  
P a t t e r s o n  zero po in t s  as does A.  H o w e v e r ,  t he  pos i t ions  
of t h e  po in ts  of zero e lec t ron  dens i ty  a f te r  m e t h o d  A 
are  f ixed in t he  u n i t  cell, whereas  t he  po in t s  of zero 
e lec t ron  dens i ty  in m e t h o d  B are  on ly  k n o w n  in re la t ion  
to  t he  (unknown)  s t ruc tu re .  

I f  one t akes  in to  a c c o u n t  these  f u n d a m e n t a l  differ- 
ences,  t he  fac t  is n o t  surpr is ing  t h a t  b o t h  m e t h o d s  w e r e  
deve loped  in d i f fe ren t  m a t h e m a t i c a l  forms.  

I n  A,  a p r o d u c t  will  be fo rmed  b e t w e e n  the  e lec t ron  
dens i t y  of the  s t r u c t u r e  a n d  the  (known)  3 I  func t ion .  
This  p r o d u c t  is equa l  to  t he  e lec t ron  dens i ty .  I n  B,  
a p r o d u c t  wil l  be  f o r m e d  b e t w e e n  the  e lec t ron  dens i t y  
a n d  the  sh i f ted  e lec t ron  dens i ty  ( 'shif t  p r o d u c t  m e t h o d ' ) .  
This  p r o d u c t  equals  zero for  all  po in t s  in t he  u n i t  cell. 
B o t h  m e t h o d s  n o w  m a k e  use of t h e  co r r e spond ing  
convo lu t ions  in rec iproca l  space;  t h e y  lead  to  l inear  
equa t ions  w h i c h  can  be solved to  ge t  i n f o r m a t i o n  a b o u t  
t he  signs of t he  s t r u c t u r e  factors .  I t  is i m p o r t a n t  to  n o t e  
t h a t  in A one of t he  two  c o n v o l u t e d  func t ions  in rec iproca l  
space is k n o w n  in a m p l i t u d e  a n d  phase .  This  is t h e  
reason  w h y  signs of s ingle s t r u c t u r e  fac tors  a p p e a r  as 
u n k n o w n s  in t he  set  of l inear  equa t ions .  I t  is t he re fo re  
possible to solve t he  equa t ions  d i rec t ly  for  abso lu te  s igns 
(in t he  s t r u c t u r e  i n v a r i a n t  group,  or  for  re la t ive  signs 
in t he  o the r  p a r i t y  groups) .  I n  B the  var iab les  a re  t h e  
phases  b e t w e e n  doub le  p r o d u c t s  of s t r u c t u r e  factors ,  
because  b o t h  c o n v o l u t e d  func t ions  are  u n k n o w n  in phase .  
T h e  basic resul ts  of B are  t h e  re la t ive  phases  of t h e  
t e rms  of the  Sayre  sums 
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I t  is, therefore ,  necessa ry  to use a special  s cheme  for  t he  
r e d u c t i o n  of t he  d o u b l e - p r o d u c t  phases  to  phases  of 
single s t r u c t u r e  factors .  This  necess i ty  in t r ins ica l ly  
compl ica tes  m e t h o d  B m o r e  t h a n  A.  H o w e v e r ,  our  
exper ience ,  whi le  inves t iga t ing  a no t - too-s imple  organic-  
s t r u c t u r e  d e t e r m i n a t i o n  (23 l ight  a t o m s  in t he  a sym-  
me t r i c  uni t ) ,  has  shown t h a t  i t  is n o t  diff icul t  to  f ind  
t he  single phases ,  if a suff ic ient  n m n b e r  of double-  
p r o d u c t  phases  has  been  d e t e r m i n e d .  I t  m a y  be  men-  
t i oned  t h a t  n o r m a l l y  our  single phase  will  be checked  
b y  severa l  d o u b l e - p r o d u c t  ind ica t ions .  I n  compar i son  
w i t h  m e t h o d  A m e t h o d  B seems to  opera te  w i th  smal le r  
sets of l inear  equa t ions  for t he  same  set  of s t r u c t u r e  
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factors. This can be explained by the fact tha t  the 
number  of equations in A equals the number  of structure 
factors, while in B this number  equals the nmnber  of 
zero points. This migh t  be impor tan t  in practice with 
regard to the necessary computer  t ime. 

This note  should conclude wi th  some more general 
remarks.  As methods  A and B are based on different 
physical principles, it might  be worth  while to use both  
methods  in centrosymmetr ical  structures in parallel, 
or to combine them.  Fur thermore ,  the dist inguishing 
features of the methods  in comparison with the squaring 
methods  should be emphasized. There is no restriction 
whatsoever  on the shape of the electron-density func- 
tions. There may  be overlap (in projections), different 
weights of the atoms, etc. The last remark  concerns the  
phi losophy behind the methods.  They have some common 
features with the heavy-a tom and image-seekind methods  
in spite of their  otherwise fundamenta l  physical differ- 
ence. All three techniques are based on certain informa- 
t ion which first has to be extracted from the Pat terson 
function. This information consists of the heavy -a tom-  
heavy-a tom peak in the heavy-a tom technique,  of the 
positions of single-weight Patterson peaks in the image- 
seeking methods,  or, in the third case, of the positions 
of Pat terson zero points in the methods  discussed in 

this note.  There is, however,  one essential point  in 
favour of the  new methods.  I t  is well known tha t  it is 
sometimes very difficult to extract  the necessary Pat ter-  
son information for the initial steps of the first two 
methods.  On the other  hand,  it is quite easy to find 
zero regions in a Pat terson map or to use a simple 
computer  program in connection with the phase-deter-  
mining procedure. 
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On minimum receiving apertures in single crystal diffractometry. By J. LADELL and  N. SPIELBEaO, 
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In  conjunct ion wi th  a s tudy of systematic errors in 
in tegra ted  intensi ty  measurements  (Ladell & Spielberg, 
1963), we have derived the min imum dimensions of the 
receiving aperture required for both  the 2:1 and co-scan 
methods  for crystals of circular cross section. A deriva- 
t ion of the min imum dimensions of the receiving aperture 
has already been reported by Alexander  and Smith (1962) 
in a similar study, but  our results for the case of a point  
source of monochromat ic  radiat ion incident  upon a 
'perfect '  crystal of circular aperture do not  agree with 
those reported.  This case is of theoretical  importance 
because (unlike the  case of a crystal of negligible size) 
the  requisite m i n i m u m  aperture  is a function of 0, the 
Bragg angle. Any  a t t e m p t  to evaluate the  systematic  
error due to the use of a receiving aperture less than  the 
m i n i m u m  dimension mus t  take this 0 dependence into 
account. 

We place our crystal of radius r (Fig. l) at the origin 
of a Cartesian coordinate system (designated X'Y') and 
the point source at the coordinates ( - 1, 0). Let a measure 
deviation from the Bragg angle e as the crystal is rotated 
counterclockwise. When a = 0 diffraction takes place all 
along the diameter of the circular cross section which 
is collinear with the X' axis and the central diffracted 
ray is shown terminating at the coordinates (cos 20, 
sin 20), at which point we place the center of the receiving 
aperture of the detector. When the crystal is rotated 
through an angle a, an incident beam from (-1, 0) 
proceeds along line I. Diffraction takes place along the 
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Fig. l. Schematic of geometric construction used to derive 
the dimensions of minimum receiving apertures. 

chord formed by the par t  of line I intercepted by the 
circular cross section; the leading edge of the diffracted 
beam is denoted  by line I I  and the trailing edge of the  
beam is denoted  by line I I I .  Line IV is normal  to the  
central diffracted ray passing through (cos 20, sin 20) 
and coincides with the trace of the detector  in the plane 
of the drawing. In  this derivation,  for simplicity, the 
detector  and point  source are equidis tant  from the crystal. 
(The same analytic me thod  can be employed to consider 
the case of unequal  distances). 


